Introduction.
In this paper we study C*-algebras which are the uniform closure of strictly ascending sequences of full 77X77 (77< co) matrix algebras. We call these algebras uniformly hyperfinite. Factors of type Hi which are the weak closure of such a sequence were first studied in [4] , where it was proved that all such factors are isomorphic. The algebras we study are not all isomorphic. In §1 we classify uniformly hyperfinite algebras according to algebraic type (1.12) and obtain a characterization of these algebras. In §2 we identify the pure states and the pure state space of uniformly hyperfinite algebras. The TO*-closure of the pure states of one of these algebras is the set of all states of the algebra. This is not the first example of a C*-algebra whose set of pure states is not closed, cf. [7] . In §3 we classify the irreducible representations of uniformly hyperfinite algebras according to unitary equivalence. In § §4 and 5 we study certain representations of uniformly hyperfinite algebras.
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We assume all algebras have a unit (denoted by I). A family {etj-.i, j=l, ■ • • , 77} of operators on a Hilbert space § (always complex) is called a family of matrix units if ei/ekm = 0 lor j^k, =eim for j = k, if ^i eu = 1 (the identity operator on §), and if etj = e%. If ffi is the C*-algebra generated by these matrix units, we say {e.-y} is a family of matrix units for TI. If X is a subset of &, we denote by [X] the smallest closed linear subspace of § containing X. If £ is a projection on §, we also denote by E the set {x:x£ §, x = Px|. A state of a C*-algebra is a positive linear functional / which satisfies /(I) = 1. The set of states of a C*-algebra is convex and w*-compact. The extreme points are called pure states. If 91c is a self-adjoint linear subspace of a C*-algebra 21 and if IE$l, then a state of 91c is also a positive normalized linear functional. The (pure) states of 2Jc have extensions to (pure) states of SI. If r is a state of St then there is a representation c6r of SI on a Hilbert space §T and an x in f)T with t = (-x, x) o <pr and §T = [c/>T(2I)x]. t is pure if and only if <pr is irreducible (see [6] ). If fix) is an expression depending upon x and perhaps other variables, we use the notation /(•) to designate the function x->/(x). 
Wi-iCm, ( 3) pt-> oo as i--> oo, (4) 21 is the closure of Ui Wi.
In this case we shall say that 21 is generated by the factors Wi. 21 is called uniformly hyperfinite if there is a sequence \pi] of positive integers such that 21 is uniformly hyperfinite of type [pi] .
We observe that if [pi] is a sequence of positive integers then UHF algebras of type {pi ] exist if and only if pi \ pi+i and pt-> oo as i-* oo. For example, suppose pi = 2i, let d be an infinite cardinal and let § be a ci-dimensional Hilbert space. Let Pi and P2 be orthogonal ci-dimensional projections on § with Pl-r-P2 = J (the identity operator on £>), let Fbe a partial isometry from Pi to P2. Then the set of complex linear combinations of Pi, P2, V and V* is a factor Wi ol type f2. We can choose orthogonal ^-dimensional projections Pi and F2 in Pi with Pi+P2 = Pi, and we can choose a partial isometry W from Pi to Fi. The algebra generated by Wi, Pi, F2, W and W* is a factor Wi of type Ii. Continuing in this way, we can construct an ascending sequence [Wi] of factors on §, with Wi of type IPi (pi = 2i). The closure of U,-Wi (in the norm || -|| =sup {| (-x, y)| : x, y are in the unit sphere of &}) is a UHF algebra of type {2'}. With the next result we begin the classification of UHF algebras under *-isomorphisms (see 1.12 Proof. Let 21 be generated by factors 95c,-of type IPi. We remark that for every positive integer i, there is a positive integer/ such that p,\ qj and qi\pj. Using this, it is not hard to show (see for example [5] ) that U,-Wi contains an ascending sequence {-JI,-} of factors such that 9c, is of type Iti and U,-Wi = Uy SRy. Thus 21 is UHF of type {q(}.
We now prove a sequence of lemmas, the essence of which is the statement:
if W is a C*-algebra acting on a Hilbert space § and if {eij-.i, j = l, • • • , n} is a family of matrix units acting on §, and if this family can be approximated in the uniform topology by operators in W, it can be approximated in the uniform topology by matrix units in W (see 1.10). In our applications of these lemmas W will be a factor of type Iq, however it does not seem to simplify the proofs to assume this, since we require inequalities which are independent of q. Lemma 1.6. Let e>0. There is a 7(e) =7>0 such that if W is a C*-algebra acting on a Hilbert space !q, if E is a projection on § a 77^ if there is an AEW with \\E -A\\ <y then there is a projection FEW with ||p -p|| <e.
Proof. Since [|(^l+^*)/2-p|| Si\\A -p|| +|[^*-p||)/2 we can assume that A is self-adjoint. For a suitable choice of 7 <e/2, 5 can be chosen less than e/2, and the proof is complete. Proof. We use induction on re. If re = 1 the proof is trivial. Suppose the lemma is true for all re^r. For any e, l/3>e>0, we let 7(e) be the positive number determined by 1.6. We suppose that 7(e) <e, and we define S(e, r + 1) = min {1/3, y(e)/6r, 6(y(e)/6r, r)} where the right hand side is already defined by the inductive assumption.
Suppose we are given a family {£,-:t = l, 
. If p is a pure state of the (commutative) C*-algebra generated by I, Ei and P,PiPj, then p(Ef) G {0, 1}. If p(Pj) = 0 (resp. 1) then since 0 S EiFiEi S Ei (resp. 0 S E{ -P,P,P< Sy), we have p(P,P,-P,-) = 0
(1) piEtFiEifiEiFiEi)) = p(P,P,P,)/(p(P,P,Pi)) = p(P,-), and if we let G,= (/(PiF. There is a 5(e) =5>0 with the following property: Let W be a C*-algebra acting on a Hilbert space !q. Let Pi and E2 (resp. Pi and Ff) be orthogonal projections in W (resp. operating on §). Suppose that \\Ei -Fi\\ <5, 7 = 1, 2, and suppose that there is a partial isometry V from Pi to F2 and an AEW such that || V-A\\ <5. Then there is a partial isometry UEWfrom Ei to P2 and || V-U\\ <e. If 21 and 93 are *-isomorphic, it will follow from the second statement of 1.13 that f({pi}) =f({rt}). A direct proof could be given, using 1.11.
In the next theorem we state a necessary and sufficient condition for a C*-algebra to be either UHF or a factor of type I". This condition is analogous to one of the definitions of hyperfinite factors of type IF [4] . We also find a new definition lor f({p,}). Theorem 1.13. Let 21 &e a C*-algebra. 21 fs either a UHF algebra or a factor of type ln if and only if the following conditions are satisfied.
(1) 21 has a countable dense subset. The converse inequality follows directly from the definition of f({pi}) and the fact that piEAf. This completes the proof of 1.13.
In §5 we will construct a C*-algebra which is related to the investigations of this section. 2. Pure states and the pure state space. Let 21 be a UHF algebra generated by factors Wn of type Ip", let {e^: i,j=l,---,p"}bea family of matrix units for Wn-If / is a linear functional on 21, then/ is uniquely determined by the numbers a^=f(e"f). We determine in 2.4 necessary and sufficient conditions in terms of the a"j that/be a state (resp. pure state) of 21. If/ is a state of 21 then / is pure if and only if for each positive integer 77 there is an integer r greater than n such that if g is a linear functional on Wr, and if /| WrT^g^O then g\Wn is approximately a scalar multiple of /| Wn-First we prove two lemmas dealing with a more general situation.
If P is a subset of a metric space P', if e>0, we say that P is e-dense in T' if for every t' in T' there is a t in P with d(t', t) <e. Thus coj^t', which implies cx<l and t't^t". By (1) cx>0 and the proof is complete.
We observe that 2.2 is (stronger than) a converse to 2.1. Suppose that co is pure, that nEN and that e>0. We show that there is an ri(77, e) which has the properties of 2.1. In fact, let rfji, e) =r2in, e) ( = r). Let P= {ar: aE [0, 1) and r is a state of WT with co | Wr ^ ar}. It arET then w\Wr = ar+ ila) [(1 -a)~l(<* I ^ ~ ar)]
and by 2.2, either ||co| Wn-r\ Wn\\ Se or a<e. Definition 2.3. Let 9c (resp. W) he the algebra of complex mXt7 (resp. qXq) matrices, with matrix units {e"}} (resp. {«?;})■ Suppose n\q. An isomorphism 0 of 91 into W is called the standard imbedding [5 ] if eie"j) = 22 ie«': (5> 0 = (an + i, an + j), a = 0, ■ ■ ■ , iq/n) -l}.
We identify the set of prXpT complex matrices with Wr by means of the matrix units {eTtj}. When we speak of an e-dense subset 5 of a subset of Wr, we shall mean e-dense in the metric which makes the mapping c/i of 6.1 from the normed space Wt to the set Wr an isometry. If Pi and P2 are positive elements of Wr, then the distance from Bi to B2 in this metric is trace | Pi -P2| (see the proof of 3.4).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Suppose that / is a state and that the inclusions Wn-^Wq are standard imbeddings.
Suppose that for each re and e we can find an r3(re, e) with the properties stated in 2.4. Let rx(n, e) =r3(n, epf2) ( = r), let</>-1(S(re, epf2)) = P. Suppose that / is a pure state of 21 and let 77 be a positive integer, let e be a positive number. Let r±fn, e) =r2(w, e). If Aq= 22* <xkBk as in the statement of 2.4, let Tk = <p~1iBk). By 6.1, rk is a state of Wq and/J Wq = 22* <w*-If we define Kq as in 2.2, then Kq D Kiq). Thus 22{«*: k E K~iq)} = 22{a*: kEKq} <e and 74(77, e) has the desired properties. This completes the proof. Lemma 2.5. Let % be a UHF algebra generated by factors Wn of type Ia". Let 03 be a pure state of 21, let e>0, let n be a positive integer. There is an integer r^n and a pure state co' of 31 such that (1) ||co'-co||<e, Proof. By 6.1 we have co| Wn= 22<=i aiTi where the right hand member is a finite convex sum of pure states of Wn-Let e' = min {e, ai, ■ ■ ■ , at}, let e" = min {(e'/26)2, e'/2g", 1/2}. We let r be the r2(e", 77) given by 2.2. Let P be the carrier of co| Wr, let B = (c6(co| W/))112, where <p is defined in 6.1, let {Aj-.j = 1, • • • , q"} be a set of matrix units for Wn-We identify Wr and the algebra of all linear operators on <7r-dimensional Hilbert space. By 6.1 co I Wr = trace (P-P), and so P = range B=I-(null space B). We choose a maximal orthonormal family {yk} in F such that for each k there is a j with \l/\\Byk\\2iAjByk, Byk) -uiAA\ > e". The next result gives another set of conditions which are necessary and sufficient for a state co of a UHF algebra 31 to be pure. In fact if w is a state of 21 and if there exist factors 9c,-, 7 = 1,2, • • ■ , which generate 21 so that 2.7 formula (3) holds, then co is pure. We remark that in the terminology of the following theorem, the sequence of projections {carrier co|9c/}, the state co, and the factors 9t; satisfy 2.6 and also the sequence {carrier co| 91,} is monotone decreasing. Theorem 2.7. Let %be a UHF algebra generated by factors Wn of type IQn, let 03 be a pure state of 21. There is an ascending sequence {9l<} of factors which generate 21 and for each e > 0 there is a pure state co' of 21 and a subsequence {nj} of the positive integers such that (1) ||co-co'||<e, (2) (resp. (3)) if p is a state of Wni (resp. 9!;) and carrier pS carrier co'| Wni (resp. co|9ti) then \\p\ SR.^-w'1 STO^JI (resp. ||p|9c,-_i-«|9c,_i||) <2~i, (4) Wm-dimension carrier co' | Wn< S 2»,-/«Jn,--li (5) fii-dimension carrier co| <HliiSqni/qni-i.
Proof. We suppose e<l. Let coi=co and »i = l. By induction, using 2.5, we can find a sequence {o3i} of pure states and a subsequence {n,} of the positive integers such that ||co,-_i-Wj|| <e/2i+1, such that if P<y = carrier co<|9ro";-then EuSEi^u and STO^-dimension EnSqni/qni_1 and such that if p is a state of Wni and if carrier pSEi{ then ||p| Wni_1-03i\ Wn^W <e/2i+1 for i = 2, 3, • • • . {co<} is a Cauchy sequence (in norm) in 21*, the dual to the vector space 21, and so {«,-} has a limit co' in 21*, «' is a state, and ||co-co'|| <e/2.
If (/, k) is a pair of integers with/^fe^l then £y"g£jw:. In fact this is true for j = k, suppose it is true for pairs (s, t) of positive integers with
Ogs -t<j -k. Then Pyfc+igP^+u+igPm+i and so PyngP**. Let Et = carrier co'| Wnr For any positive integer k, «'(/-£«) = limycoy(7 -Ekf) =0. Thus Ek gpfcfc and (4) is proved. If p satisfies the hypotheses of (2), then ||p | Wn^ ~ co' | TOn^JI g ||p I Wm-t ~ co,-1 Wn<J\ + ||*< -co'|| < e/2<+1 + e/2*1 < 2-'"
and (2) is proved.
We show that co' is pure. Let 21o be the C*-algebra generated by 7 and [Ei-.i = l, ■ • • ]. 2to is commutative and co' is a homomorphism of 2lo so co'| 2lo is pure. If r is any extension of a'\ 2lo to a state of 21 then carrier t\ Wni gPi and by (2), t=co'. Thus co'|2Io has a unique state extension to 21 and so co' is pure. A proof that co' is pure could also be based upon 3.2. By [l] there is a *-automorphism 0 of 21 such that u'(d~l(A)) =co(A) for all AG%-(0 is the inner automorphism from some unitary Z7G21). Let 9fCi = 0(SDfc"i). Then {%} satisfies (3) and (5) and the proof is complete. Proof. Let co be a state of 21, let 21 be generated by factors Wn-Yet -4,G2l, i=l, • ■ • , r. We show that there is a pure state t such that |r(_4i) -co(_4i)| <1 for i=l, ■ ■ ■ , r. There is an integer re and BiGWn with \\Bi-Ai\\ <l/2, i=l, • • • , r. If Wn is of type 7r we choose an integer m such that Wm is of type 7, with s^r2. We assert that co| Wn has an extension to a pure state r' of Wm-Yet Wm he represented on complex s-space. In this representation, the commutant Wf of Wn is a factor of type 7,/r, and s/r^r.
Thus Wn has a separating vector, and all normal states (that is all states) of Wn are vector states, and so they are restrictions to Wn of pure states of Wm-This gives us the desired pure state r' of Wm-Let r be a pure extension of t' to 21. Then Let p and t be two distinct pure states of 21 (such pure states exist). Then p/2+r/2 is a state of 21 which is not pure, so the set of pure states of 21 is not w*-closed.
A Proof. An element U of 21 is unitary if and only if UU*=U*U=I. we assert that strong lim P; = P. Let {i(j)} he a subsequence of the positive integers. We show that there is a subsequence {iijik))} of {iij)} such that EiWk))+2e(i(j(k)))I>EiU{k+i)) + 2e(i(j(k + l)))I. Let /(1) = 1, and suppose j(k) has been chosen for some positive integer k. Choose j(k + l) so that e(i(j(k)))^2e(i(j(k + l))). Then {i(j(k))} has the above property. Thus by monotone convergence every subsequence of {£;} has a strongly convergent subsequence. Let £ be the limit of a strongly convergent subsequence {£,-(;•)}. We show £ = P which will prove our assertion. £2 = strong lim E\s) = E and £*=weak lim £*;)=£ so £ is a projection. Suppose that z£ § is such that co2|2l=co. As in (1), ||£<z -3||2 = 1 -(£,-z, z) <2_i so z££. Suppose that y is a unit vector in P. Then ||wy| STOni-i -co I Wm-i\\ S \\oy -t»EiU\\ + \\axii -l/\\Eiy\\2WEiy\\ + ||i/||p,-y||2co^v| aro.,-, -co I sto,,,..,!! S 2||P,-y-y|| + l-||P,-y||2+2-'+1
where the first term in the last inequality is due to the second paragraph of the proof of 3.2, and the last term is due to carrier l/||p,-y||2co£,"| WniSEi. Theorem 3.4. Let % be a UHF algebra generated by factors Wn, let p and t be pure states of 21, let {E{} be a sequence of projections chosen by 2.6 for the pure state r. Suppose that 0^r<l/2 and that for each positive integer n we are given a subset 11" of the unitary group of Wn such that if W is a unitary operator in Wn there is a V in U" with || V-W\\ St. The following statements are equivalent.
(1) The representations 4>p and <j>r due to p and r respectively are unitarily equivalent.
(2) There is a unitary U in 21 with piU* ■ U)=r. where <p is defined by 6.1.
Proof. We assert that if / and g are positive linear functionals on 9TOn then ||/-g|| =trace \<p(f-g)\ ■ Let/o (resp. go) be the linear functional on Wn such that </3(/o) (resp. -<Kgo)) is the positive (resp. negative) part of the selfadjoint operator cf>(/-g). Then/o, go^O and/0 -go=/-g. Carrier/0 (resp. g0) = range <p(fo) (resp. <b(go))< in fact by 6.1 this is true for/0 a pure state, thus it is true for /0__;0. For large *, p(V(i)*EiV(i))>0 and (3) is satisfied. If (3) is true there is an integer k, a cofinal subset J of the positive integers and an e>0 such that for each jGJ there is a V(j)GVtk with p(V(j)*EjV(j))>e.
Since the unitary group of Wk is compact, we can choose a unitary VGWk which is a limit point of { V(j):jGJ\-We have p(V*EjV)^e/2 for all j in some cofinal subset of J and by 3.3, | (x, Fy)|2^e/2. Recall that §= zZ® {&»: PEP], so Vy = _C{Z0: /3GP}, with zpG&p, and oivv\ 21 = _>_/%• However corj,|2I is pure since coa| 21 is pure and so there is a unique (80GP with z^05^0. By the same argument "G §j, for some /3iGP. Since (x, Fy) y^O, we have /30=)3t. Recalling that _4->_4 §3l is an irreducible representation of 21, the representation due to cox I 21 is unitarily equivalent to the representation due to co^,,|2. which is unitarily equivalent to the representation due to co_|2I. This completes the proof of 3.4. 2lo is a C*-algebra, we assert that 2lo satisfies (1), (2) , and (3). 2lo is not a UHF algebra since 3 = [A: A G2Io, Ax = 0}
is a proper two sided ideal in 2lo, and by [2 ] 3 ^ {0}. To show that 2lo satisfies (2), we prove the stronger statement that 3I0 has a faithful irreducible representation.
In fact the mapping II: _4-^4 (7 -[x] ) is a representation of 2Io on the Hilbert space 7-[x] and by [2] , II(2lo) acts irreducibly on 7-[x]. If A is in the kernel of II, then [x]_4 =_4 [x] =A, so A is a completely continuous operator. Let S be the set of all completely continuous operators on |>. Then SH21 is a proper two sided ideal in 21 and by 5.1, £^21= {o}. Thus (Sn2fo= {0}, n is faithful and 2I0 satisfies (2) . Let £< = carrier p\W{. Et is a minimal projection in Wi since p| Wi is by assumption a pure state of Wi. Let 3li = EiWiEi © (7 -£,)9Jci(7 -Pi). 
